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This work develops a full framework for non-Hermitian impurity physics in a non-reciprocal lat-
tice, with PBCs, OBCs and even their interpolations being special cases across a whole range of
boundary impurity strengths. As the impurity strength is tuned, the localization of steady states can
assume very rich behavior, including the expected non-Hermitian skin effect, Bloch-like states albeit
broken translational invariance, and surprisingly, scale-free accumulation along or even against the
direction of non-reciprocity. We further uncover the possibility of the co-existence of non-Hermitian
skin effect and scale-free localization, where qualitative aspects of the system’s spectrum can be ex-
tremely sensitive to impurity strength. We have also proposed specific circuit setups for experimental
detection of the scale-free accumulation, with simulation results confirming our main findings.
Spatial inhomogeneity in physical systems is the norm
rather than the exception. It can trigger a wide variety of
physical phenomena, such as the Anderson localization,
topological edge states and topological defect states. In
non-Hermitian systems, intriguing physics from spatial
inhomogeneity encompasses not just the non-Hermitian
skin effect (NHSE)[1–28], but also impurity- or defect-
induced topological bound states [29–32], disorder-driven
non-Hermitian topological phase transitions [33], as well
as non-Hermitian quasi-crystals and mobility edges with
an incommensurate modulation [34–37].
Due to their emergent non-locality, non-reciprocal im-
purities in non-Hermitian systems generate dramatic
spectral flows as their strengths are varied [3, 38].
This has even been proposed for exponentially en-
hanced quantum sensing in an experimentally realistic
setting [39, 40]. Yet, there does not exist a full frame-
work for non-Hermitian impurity physics, with periodic
and open boundary conditions (PBCs and OBCs) being
special cases across a whole range of boundary impu-
rity strengths. This work aims to fill in this important
gap and reports unexpected findings of general theoreti-
cal and experimental interest.
Specifically, we discover that boundary impurities in
non-reciprocal lattices can generate new types of steady-
state localization behavior characterized by scale-free ac-
cumulation (SFA) of eigenstates, despite having non-
power-law profile. In sharp contrast to the NHSE,
the SFA direction can be counter-intuitive, opposite of
the non-reciprocal directionality. With varying impu-
rity strengths, the steady state makes transitions be-
tween the NHSE behavior, Bloch-like eigenstates with
broken translational invariance, ordinary SFA, and re-
versed SFA. A careful inspection of these qualitatively
rich transitions reveals fascinating duality relations be-
tween weak and strong inhomogeneity, yielding a big pic-
ture of non-Hermitian impurity physics. Known NHSE
properties are thus revealed as only one of the many
impurity-induced consequences in non-reciprocal non-
Hermitian systems. Drastically different steady-state be-
haviors can even co-exist when next nearest hoppings
are present, a useful phenomenon that can benchmark
the hyper-sensitivity of non-Hermitian systems to bound-
ary/impurity effects.
Impurity-induced SFA. – We consider impurities in the
simplest 1D Hatano-Nelson chain [41], which already ex-
hibits nearly the full scope of impurity-induced phenom-
ena in more generic lattices. An impurity is represented
as a modified coupling between the first and last sites:
H =
L−1∑
x=0
[
eαcˆ†xcˆx+1 + e
−αcˆ†xcˆx−1
]
+ µ+cˆ
†
Lcˆ0 + µ−cˆ
†
0cˆL
with µ± = µe±α, µ controlling the local impurity, α > 0
and x = 0, 1, ...L labeling the lattice sites [Fig. 1(a)].
PBCs are recovered at µ = 1, where translational symme-
try is restored and the system can be described by a Bloch
Hamiltonian H(z) = eαz + e−α/z with z = eik, k the
quasi-momentum. Perfect OBCs yielding the NHSE are
recovered at µ = 0, although a finite-size system behaves
like OBCs when µ . e−α(L+1) [26]. Cases with 0 < µ < 1
may be interpreted as interpolations between PBCs and
OBCs, but a full picture with new physics emerges only
if the whole range of 0 < µ < ∞ is investigated. Be-
yond µ ∈ [0, 1], eigenstates can exhibit weaker bound-
ary accumulation toward either direction, even unexpect-
edly against the direction of non-reciprocity and NHSE
[Fig. 1(b)]. Furthermore, this intriguing localization phe-
nomenon is dubbed the SFA because the eigenstates dis-
play a scale-free spatial profile, decaying as e−Cx/L with
constant C, as elaborated later. Unlike in the NHSE, the
spectrum of these SFA eigenstates forms a loop that can
be deformed away from, or even enclosing the PBC spec-
trum [Fig. 1(c)]. Different accumulation regimes exist
for µ ranging from 0 to∞, and notably similar behaviors
are seen in both the small and large µ limits [Fig. 1(d)].
As detailed in our concrete examples later, we find two
types of dualities between µ and ∼ 1/µ, which allow us
to probe the large µ regime from the small µ regime, and
vice versa.
Ordinary and reversed SFA. – To understand why SFA
occurs, we analytically solve for the eigenstates Ψn =
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FIG. 1. (a) The Hatano-Nelson model with impurity cou-
plings µe±α. PBCs and OBCs correspond to µ = 1 and 0
respectively, but other µ support qualitatively different phe-
nomena. (b) Spatial eigenstate distributions ρ(x) = |ψx|2
with different accumulating behaviors, with ψx the wave-
function value at x. (c) Complex spectra distinguishing the
four types of eigenstates in (b). (d) Different regimes across
the whole range µ are marked by different accumulation phe-
nomena, with dualities relating strong and weak µ.
∑L
x ψx,ncˆ
†
x|0〉, n = 0, ..., L via HΨn = EnΨn, under
reasonable approximations. In the large-µ limit with
µ  e±α, two isolated eigenstates strongly localize at
x = 0, L, with eigenenergies Eiso ≈ ±µ [42]. The other
eigenstates are exponentially decaying:
ψx,n = e
−[κL−i (2n+1)piL−1 ](x−1), x 6= 0, κL = lnµ− 2α
L− 1 (1)
with ψ0,n ≈ 0 [42], n = 1, 2, ..., L − 1 yielding L − 1 dif-
ferent eigenstates. Physically, the vanishing amplitude
at x = 0 can be partially appreciated by the physics un-
derlying electromagnetic field induced transparency [43].
That is, the much stronger coupling between sites L and
0 effectively makes the rest of the lattice more “transpar-
ent”, and hence suppresses the population pumping from
the rest of the lattice to site 0 [42]. In a more restricted
parameter regime with eα  e−α and µ  eα(L+1), the
corresponding eigenenergies can be further approximated
by
En ≈ (kn + iκL) (2)
with kn := (2n + 1)pi/(L − 1) and (k) the eigenenergy
function at µ = 1 (i.e. PBCs) [42]. Remarkably, the
spectrum is obtainable via a complex deformation of the
PBC quasi-momentum, similar to the GBZ approach for
OBC systems [1–3]. Yet, the 1/(L− 1) coefficient in the
decay exponent κL indicates much weaker accumulation
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FIG. 2. (a) Average distribution of all the anomalously
accumulating eigenstates ρ¯(x) =
∑L−1
n=1 ρn(x)/(L − 1) with
ρn(x) = |ψx,n|2 and α = 4, L = 20. The blue, red and green
cases correspond to reversed SFA, quasi-PBCs and SFA. (b)
Spectra for these anomalously accumulating eigenstates, ex-
cluding the two isolated eigenstates. The black dashed curve
is the true PBC spectrum (µ = 1), which overlaps with the
quasi-PBC red curve at µ = e2α = e8. In both panels, the
circles, squares, and triangles are numerical data points, and
the colored solid curves are approximations from Eqs. (1),(2).
for a large system, and in fact suggests a scale-free decay
profile from x = 1 to L. The dependence of κL on µ
(and L) differs from that of impurity-induced topological
localization [42].
Counter-intuitively, reversed accumulation with nega-
tive κL can occur when µ < e
2α, which still falls into
a valid sub-regime if µ  eα  e−α, as confirmed by
the agreement between our approximate solutions and
numerical results in Fig. 2(a). For the peculiar border-
line case of µ = e2α between ordinary and reversed SFA,
κL = 0 and the eigenstates are uniformly distributed (ex-
cept at x = 0) and hence resemble Bloch states [Eq. 1
and Fig. 2(a)], even though translational invariance is
broken. Indeed, the continuous part of the associated
spectrum also coincides with the PBC spectrum [Eq. 2
and Fig 2(b)]. This curious case of quasi-PBC delocalized
states is elaborated in the Supplemental Materials [42].
While we have considered a strong non-reciprocity of
α = 4 in Fig. 2 for a better illustration, more examples
with weaker α are found in [42].
Duality between strong and weak impurity couplings.–
the discussions above imply a duality between PBCs at
µ = 1 and quasi-PBCs at µ = e2α. This motivates us
to seek duality relations for the whole range of µ. For
e−2α  µ  1, another set of exponentially decaying
eigenfunctions are found, i.e.,
ψ′x,n = e
−[κ′L−i 2npiL+1 ]x, κ′L =
− lnµ
L+ 1
, (3)
with
E′n ≈ eαe[lnµ+i2npi]/(L+1) ≈ (k′n + iκ′L), (4)
provided that eα  e−α, where k′n := 2npi/(L + 1) [42].
Taking κL and κ
′
L as functions of µ, we have κL(µ) ≈
κ′L(e
2α/µ) for a sufficiently large system, suggesting a
duality between µ = µ±α with µ
±
α = e
αA±1 parametrized
by a variable A, with µ+α = µ
−
α at A = 1.
3This duality can be seen in both the spectrum and
the eigenstate accumulation, which can be characterized
by the inverse participation ratio (IPR) defined as In =∑
x |ψx,n|4 for a given eigenstate. The IPR approaches 1
for a perfectly localized state, and 1/(L+1) for a spatially
homogeneous one. To further characterize the different
directions of the SFA states, we define a directed IPR as
Id,n =
∑
x(xc − x)|ψx,n|4/(L/2), with xc = L/2 being
the center of the system. By definition, Id takes positive
(negative) values for states accumulating at x = 0 (x =
L), and Id = 0 for a spatially homogeneous state.
In Fig. 3(a), we take averages over all continuous states
for the IPRs and directed IPRs (I¯(µ±α ) and I¯d(µ
±
α )),
and present them as functions of A. Note that for
µ  1, the continuous eigenstates have vanishing am-
plitude at x = 0, analogous to a system with L, not
L + 1 sites. Therefore, to properly compare the aver-
aged IPRs between large and small µ, they are rescaled
as (I¯ , I¯d)→ (I¯ , I¯d)L/(L+1) for µ > eα, and the system’s
center is redefined as xc = (L−1)/2 for the directed IPR.
We can see from Fig. 3(a) that the quasi-PBCs and PBCs
are recovered at A = eα for µ = µ±α respectively, where
I¯(µ) = 1/(L+1) and I¯d(µ) = 0 as all eigenstates are fully
delocalized. The IPR profiles agree well between the dual
values of µ in the regime close to PBCs and quasi-PBCs
(A ∼ eα), but begin to diverge when A gets larger.
To understand this divergence, we unveil a second du-
ality between µ ∼ e(L+1)α and µ ∼ e−(L+1)α, the lat-
ter corresponds to a transition between the qualitative
spectral properties found for PBCs (loops) and OBCs
(lines) [26]. In Fig. 3(b), we illustrate both IPRs for
µ = µ±0 as functions of the variable A, i.e. µ
±
0 = A
±1.
The above PBC-OBC transition is seen as I¯(µ−0 ) and
I¯d(µ
−
0 ) become constant for lnA > (L + 1)α, reflect-
ing the OBC skin modes. Interestingly, a similar tran-
sition also occurs at large µ = e(L+1)α, characterized by
the constant IPRs in Fig. 3(b) when µ exceeds the crit-
ical value, indicating a second duality between µ = µ±0
in the large A limit. These IPRs take different satura-
tion values mainly because of the rescaling in the large
µ regime with effectively different number of sites. The
critical value for this transition can also be identified from
our approximation of Eq. (1), where the decay exponent
κL = α at µ = e
(L+1)α, recovering the decay exponent
(and the imaginary flux) κOBC for NHSE under OBCs.
In Fig. 3(c), we illustrate the spectra with several pairs
of dual parameters, clearly showing the two types of du-
alities and the transition to a OBC-like spectrum.
Co-existence of different regimes.– The decay exponents
κL(µ) of SFA states, as induced by the impurity, are
insensitive to the exact configuration of non-reciprocal
hoppings in the bulk. By contrast, skin modes under
OBCs may have k-dependent decay exponents κOBC(k)
if the system has hoppings beyond nearest neighbors [44].
Requiring κL(µc) = κOBC(k), one finds a k-dependent
critical value of µc(k), with an intriguing consequence,
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FIG. 3. (a) and (b) Average IPRs defined as I¯(µ) =
∑
n In/N
and I¯d(µ) =
∑
n In,d/N . The summation of n runs over all
continuous eigenstates, and N = L − 1 (L + 1) is their total
number in the presence (absence) of the pair of isolated states
Eiso ≈ ±µ. Colors of the curves indicate IPRs for different
choices of µ. Blue and red curves are almost identical in
(a). (c) Spectra with dual parameters, as indicated by the
gray arrows. A phase transition to OBC-like line-spectrum at
µ = e±(L+1)α = e±21, with the parameters L = 20 and α = 1.
namely, the co-existence of the SFA and NHSE for dif-
ferent eigenstates at a fixed µ. Physically, this coex-
istence arises because at different wavenumbers k, an
eigenstate effectively experiences couplings across differ-
ent distances.
Consider a system with different forward and backward
couplings ranges and an impurity between x = 0 and L:
HNNN =
L−1∑
x=0
eαcˆ†xcˆx+1 + µe
αcˆ†Lcˆ0 +
L∑
x=0
e−αcˆ†xcˆx−2. (5)
The decay exponents for the SFA at µ 1 and the NHSE
at µ = 0 can be obtained as [42, 44]
κL(µ) =
− lnµ
L+ 1
, κOBC(k) =
1
3
ln
[
e2α
2 cos(k − 2jpi/3)
]
,
with j = b(k + pi/3)/(2pi/3)c. In Fig. 4(a)-(c) we illus-
trate these two quantities versus k for different µ. To-
gether with the spectra in Fig. 4(d)-(f), we see that an
eigenstate always obeys the localization behavior with
the smaller decaying exponent. That is, all eigenstates
exhibit the SFA when κL < κOBC(k) in Fig. 4(a) and
(d), and the NHSE when κL > κOBC(k) in Fig. 4(c)
and (f). In the intermediate regime of Fig. 4(b) and (e),
the SFA and NHSE co-exist for different k, as the spec-
trum follows the prediction of SFA when k ∈ [k2m−1, k2m]
(m = 1, 2, 3) where κL is smaller, and the prediction of
the NHSE otherwise, with k2m and k2m−1 being the six
special momentum values marked on Fig. 4(b) for which
κL = κOBC. As also seen from Fig. 4, due to the possi-
bility of coexistence of the SFA and NHSE accumulation,
even the qualitative spectral features are extremely sen-
sitive to boundary impurity parameter µ, an observation
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FIG. 4. (a)-(c) Decaying exponents κL and κOBC(k) of the
SFA and NHSE respectively, for the Hamiltonian of Eq. (5)
with different boundary impurities µ. (d)-(f) Their corre-
sponding spectra under different parameters and different
boundary conditions. The blue lines, blue circles, and gray
dots in (d)-(f) correspond to the spectra of the SFA where
E = (k + iκL), numerical results with a boundary impurity,
and the NHSE where E = (k + iκOBC(k)) respectively, with
(k) the eigenenergy under PBCs. The parameters are α = 1,
L = 80, and µ = 10−30, 10−45, and 10−60 from left to right.
of general interest when it comes to build a sensing plat-
form based on non-Hermiticity.
Proposed experimental demonstration.– As steady-state
phenomena, the SFA can be most easily demonstrated
in an electrical circuit setting. In place of the Hamilto-
nian, we consider the circuit Laplacian J which governs
its steady state response via I = JV, where the compo-
nents of V and I are respectively the electrical potentials
and input currents at each node. The eigenspectra and
eigenstates of J can be directly resolved by measuring
the voltage profile [45, 46] viz.
Vα = J
−1
αβ Iβ =
∑
λ
〈α|ψRλ 〉〈ψLλ |I〉
λ
(6)
where |ψL/Rλ 〉 are the left/right eigenvectors of J corre-
sponding to eigenvalue λ, and Vα, 〈α|ψRλ 〉 are respec-
tively the potential and ψRλ values at the α-th node.
To isolate a particular λ′-th eigenmode, we tune the
circuit until λ′ ≈ 0, either by adjusting its variable com-
ponents or by varying the AC frequency ω [45]. Vα is then
dominated by −1λ′ 〈α|ψRλ′〉〈ψLλ′ |I〉. If we further connect
an input current I0 to a fixed node β
′ (the current leaves
via the ground), 〈ψLλ′ |I〉 = I0〈β′|ψLλ′〉∗ and the eigenstate
profile 〈α|ψRλ′〉 across all nodes α becomes approximately
proportional to the measured potential profile Vα i.e.
ψRλ′ ≈
λ′V
I0〈β′|ψLλ′〉∗
∝ V. (7)
In other words, ψRλ′ can be approximately measured
through V when it is topolectrically resonant (λ′ ≈ 0).
A circuit Laplacian J with a similar form as H of
Eq. 1 can be realized with the L + 1-node LC circuit
of Fig. 5a. Adjacent nodes acquire asymmetric non-
Hermitian couplings through an INIC [47, 48] in series
(a) 
INIC 
C1 
C2 
INIC 
C2 
l 
C1 
C1 
C2 lgr 
j0 = 
INIC 
C1 
C2 
INIC 
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C2 
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C1 
C2 
…. 
0 
1 2 L-2 L-1 
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Reversed 
accumulation  
Pumping direction 
FIG. 5. (a) The circuit of Eq. 8, whose asymmetric cou-
plings are implemented through INICs and capacitors. The
extra variable inductor l gives rise to a coupling “impu-
rity”. Suitably designed grounding elements [42] enable de-
sired eigenstates to be isolated at appropriate ω. (b) Simu-
lated impedance measurements across the impurity at various
µ, with position ω and height of impedance peaks loosely cor-
responding to the real and imaginary parts of the spectrum
/(iωC) (inset). Parameters used are L = 9, C1 = 1 and
C2 = 3, so that C =
√
8 and α = 0.364. (c) Simulated
electrical potential measurements vs. the profile of the bulk
eigenstate with largest /(iωC), tuned close to resonance via
Eq. 2. Not only is Eq. 7 accurate, the nature of eigenstate ac-
cumulation also agrees perfectly with the regimes of Fig. 1d.
Parameters are L = 20, C1 = 2.9, C2 = 3, such that 2α ≈ 4.
with a capacitor C1, which together contribute an ad-
mittance of iωC1
(−1 1
−1 1
)
to the Laplacian [42, 47]. The
extent of asymmetry is regulated by another parallel ca-
pacitor C2, such that C1/C2 = tanhα [42]. To imple-
ment an “impurity” coupling between nodes L and 0,
we connect an extra variable inductor l in series with
the parallel INIC + capacitors configuration, such that
the admittance in both directions is uniformly scaled by
a factor of µ(ω) = µ(ω) = (1 − ω2l(C2 − C1))−1 [42].
To measure the profile of a desired eigenmode ψRλ′ , we
first need to shift its eigenvalue λ′ maximally close to 0.
This can be achieved with additional identical grounding
inductors lg at each bulk node, together with more care-
fully designed grounding circuits j0, jL at the impurity
nodes [42]. In all, our circuit Laplacian takes the form
J =
[
µ(ω)
(
eα|L〉〈0|+ e−α|0〉〈L|)+ L−1∑
x=0,±
e±α|x〉〈x± 1|
−
L∑
x=0
(
2 coshα− ω20/ω2
) |x〉〈x|]×iωC (8)
where C1 = C sinhα, C2 = C coshα and ω
−2
0 = lgrC,
which is equal to −iωCH (Eq. 1) up to a tunable real
5shift (the |x〉〈x term). Plotted in Fig. 5b are simulated
impedance measurements Z0,L =
∑
λ 
−1
λ 〈∆|ψRλ 〉〈ψLλ |∆〉,
|∆〉 = |0〉 − |L〉 [45] across the impurity as ω is varied,
for different µ(ω) = µ adjusted through the inductors l.
The impedance peaks correspond to values of ω where a
Laplacian eigenvalue  ≈ 0. For instance, the strongest
peaks belonging to lnµ = 0, 1 arise from eigenvalues al-
ready on the real line (inset), while the weakest peaks
from lnµ = 2 are due to eigenvalues far from the real
line. The entire spectrum (inset) can be reconstructed
via systematic impedance measurements [28, 46].
At these impedance peaks, the potential profile ap-
proximately corresponds to the eigenstate profile of the
resonant eigenmode, as verified by simulated measure-
ments [Fig 5c]. We clearly observe reversed and non-
reversed eigenstates at different µ, perfectly as predicted
[Figs. 1d,2a]. Physically, the reversed voltage profile
is a steady-state solution that represents a compromise
between the competing non-reciprocal feedback mecha-
nisms from the op-amps in the INICs. Scale-free behav-
ior can be similarly detected when new nodes are intro-
duced. More generally, we expect to measure these new
forms of impurity-induced eigenstate accumulation in a
variety of media whose steady-state description involve
non-Hermitian asymmetric couplings [48–50].
Discussion.- Boundary impurities in a non-Hermitian
non-reciprocal lattice are found to induce rich transi-
tions between NHSE, Bloch-like and SFA eigenstates
along or against the direction of non-reciprocity, with
stimulating duality relations between cases of weak and
strong impurity strength. Recognizing now that the well-
known NHSE is only one of many impurity-induced con-
sequences, a new basket of non-Hermitian phenomena
may be explored, with the coexistence of SFA and NHSE
shown as an example.
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Supplementary Materials
DERIVATION OF CIRCUIT LAPLACIAN
Here we provide a detailed derivation of the Laplacian (Eq. 11 of the main text) of the circuit as illustrated in
Fig. 5 of the main text, and also furnish more details about its grounding connections. This circuit design is inspired
by previous experimental cicuit realizations of various topological and non-Hermitian states [45, 51–58].
The Laplacian J is defined as the operator that connects the vectors of input current and electrical potential via
I = JV. In this work, we design a circuit array that (i) is non-Hermitian and non-reciprocal, with right/left couplings
proportional to e±α, (ii) has special impurity couplings (in both directions) that are stronger than the rest by a
tunable factor of µ = µ(ω) and (iii) also contains suitable grounding elements that allows the Laplacian eigenvalue
spectrum to be shifted uniformly as desired.
For (i), the unbalanced couplings ∝ e±α can be implemented by a parallel configuration of a capacitor C2, and a
combination of another capacitor C1 that is connected in series with an INIC (negative impedance converter with
current inversion). As elaborated in Ref. [47], an INIC is an arrangement of operation amplifiers (op-amps) that
reverses the sign of the impedance of components “in front of” it. Specifically, for a generic ideal INIC configuration
as shown in Fig. S1a, the input currents and potentials at the two ends obey(
IA
IB
)
=
1
ZA − ZB
(
1 −1
1 −1
)(
VA
VB
)
(S1)
where ZA, ZB are the impedances of components A and B. The Laplacian matrix above is not just asymmetric and
hence non-Hermitian, but is also inversely proportional to the difference between the two impedances, contrary to
the usual case without the INIC.
To implement the ∝ e±α couplings, we consider parallel configurations of two capacitors C1, C2, one on its own,
and the other in series with an INIC (Fig. S1b). This gives a Laplacian contribution of
JNN = iωC1
(
1 −1
1 −1
)
+ iωC2
(
1 −1
−1 1
)
= iω
(
C2 − C1 C1 − C2
−C1 − C2 C1 + C2
)
= iωC
(
e−α −e−α
−eα eα
)
(S2)
if we set C1 = C sinhα, C2 = C coshα, C =
√
C22 − C21 a reference capacitance scale. If we connect each node of a
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FIG. S1. (a) Two generic elements with impedances ZA, ZB connected in series at either side of an INIC (elaborated in Ref. [47])
give rise to a non-Hermitian Laplacian Eq. S1. (b) Asymmetric couplings of the simplest form (Eq. S2) can be realized with a
parallel configuration containing one INIC and two capacitors. (c) An impurity bond consisting of tunable equivalently rescaled
asymmetric couplings (Eq. S4) can be realized with a variable inductor l connected in series with JNN. (d,e) Explicit example
realizations of j0, jL grounding components needed to make the grounding terms of the impurity nodes equivalent to the others’.
Changing the AC frequency ω effects an uniform shift in Laplacian eigenvalues through (iωlgr)
−1.
OBC linear circuit array with these parallel configuration units, we end up with the Laplacian
JOBC = iω
[
(C2 − C1)|0〉〈0|+ (C2 + C1)|L〉〈L|+
L−1∑
x=1
2C2|x〉〈x| −
(
L−1∑
x=0
(C2 + C1)|x〉〈x+ 1|+ (C2 − C1)|x〉〈x− 1|
)]
= iωC
[
e−α|0〉〈0|+ eα|L〉〈L|+
L−1∑
x=1
(2 coshα)|x〉〈x| −
(
L−1∑
x=0
eα|x〉〈x+ 1|+ e−α|x〉〈x− 1|
)]
. (S3)
Note that the coefficient of |x〉〈x| merely sums out the total outgoing hopping amplitude.
To implement (ii) the impurity couplings that are equally asymmetric, but larger than the other couplings by a
factor of µ, we connect a tunable inductor l with admittance (iωl)−1 in series with the abovementioned parallel
configuration (Fig. S1c). Elementary applications of Kirchhoff’s law gives us
Jimp. NN = iω
(iωl)−1
(iωl)−1 + iω(C2 − C1)
(
C2 − C1 C1 − C2
−C1 − C2 C1 + C2
)
=
1
1− ω2(C2 − C1)l JNN = µ(ω)JNN (S4)
which is proportional to JNN at the two nodes coupled by the impurity, up to a factor of µ(ω) =
1
1−ω2(C2−C1)l . In
other words, the impurity strength µ(ω) can be adjusted both by changing the AC frequency ω, or by tuning the
inductor l itself. Note that the upper-left term of Jbdry. NN reduces to the simple result that the combined impedance
of components connected in series is just the sum of their impedances.
The third important feature (iii), which is the implementation of grounding components that allow for a uniform
shift in Laplacian eigenvalues, is more tricky. With ground connections given by Jgr =
∑L
x=0 jx|x〉〈x|, the circuit
Laplacian we have is given by (impurity is between the L-th and 0-th nodes)
J = JOBC + Jimp. NN + Jgr = iωC
[
µ(ω)
(
eα|0〉〈0|+ e−α|L〉〈L| − eα|L〉〈0| − e−α|0〉〈L|)+ e−α|0〉〈0|+ eα|L〉〈L|
+
L−1∑
x=1
(2 coshα)|x〉〈x| −
(
L−1∑
x=0
eα|x〉〈x+ 1|+ e−α|x〉〈x− 1|
)]
+
L∑
x=0
jx|x〉〈x|. (S5)
7Notably, the on-site terms are not even uniform. For identification with the Hatano-Nelson model with a single
coupling impurity (Eq. 1 of the main text), we need to add adding grounding terms such that they are not just
uniform but also tunable i.e. giving rise to a tunable multiple of the (L+ 1)-by-(L+ 1) identity matrix. Since nodes
1 through L − 1 already have the same onsite coefficient of 2iωC coshα, we just need to ground them via identical
inductors lgr, such that jx = (iωlgr)
−1 for x = 1, ..., L − 1. The more tricky part is grounding nodes 0 and L with
appropriate sets of components with combined admittance j0, jL such that all onsite terms are equal. We first tidy
up Eq. S5 such that the NN couplings, bulk groundings and impurity groundings are grouped together:
J =iωC
[
−µ(ω) (eα|L〉〈0|+ e−α|0〉〈L|)−(L−1∑
x=0
eα|x〉〈x+ 1|+ e−α|x〉〈x− 1|
)]
+
L−1∑
x=1
(
2iωC2 + (iωlgr)
−1) |x〉〈x|
+ [iωµ(ω)(C2 + C1) + iω(C2 − C1) + j0] |0〉〈0|+ [iωµ(ω)(C2 − C1) + iω(C2 + C1) + jL] |L〉〈L|. (S6)
For all onsite terms to be equal, we hence require that
j0 = (iωlgr)
−1 + iω(1− µ(ω))(C2 + C1), (S7)
jL = (iωlgr)
−1 + iω(1− µ(ω))(C2 − C1). (S8)
Recall from Eq. S4 that iωµ(ω)(C2±C1) are the admittances of the Jimp. NN configuration with respect to the ground.
The remaining admittances iω(C2 ± C1) can be realized by the configuration of JNN (Eq. S2). As such, j0 and jL
can be realized by the configurations illustrated in Figs. S1d and e.
All in all, our circuit Laplacian takes the form
J =iωC
[
−µ(ω) (eα|L〉〈0|+ e−α|0〉〈L|)−(L−1∑
x=0
eα|x〉〈x+ 1|+ e−α|x〉〈x− 1|
)]
+
L∑
x=0
(
2iωC2 + (iωlgr)
−1) |x〉〈x|
(S9)
whose realization is illustrated in Fig. 5 of the main text.
SCALE-FREE ACCUMULATION IN THE HATANO-NELSON MODEL WITH A BOUNDARY
IMPURITY
Strong impurity
We consider the following Hamiltonian
H =
L−1∑
x=0
eαcˆ†xcˆx+1 + e
−αcˆ†xcˆx−1
+µ+cˆ
†
Lcˆ0 + µ−cˆ
†
0cˆL. (S10)
Solving eigen-equation HΨn = EnΨn with Ψn =
∑L
x ψx,ncˆ
†
x|0〉 the nth eigenstate of the system, we obtain the
following recursive conditions
eαψx+1,n + e
−αψx−1,n = Enψx,n (S11)
for x = 1, 2, ..., L− 1, and
µeαψ0,n + e
−αψL−1,n = EnψL,n, (S12)
eαψ1,n + µe
−αψL,n = Enψ0,n. (S13)
Intuitively, when µ is large, two isolated solutions localized around x = 0 and x = L are expected due to the strong
couplings between these two sites. Assuming these solutions decay exponentially from the two sites into the bulk, we
find that they can be explicitly expressed as
ψ+0 = ψ
+
L e
−α, ψ+x =
e−α
µ
ψ+x−1 for x = 1, 2, ..., ψ
+
x =
eα
µ
ψ+x+1 for x = L,L− 1, ...; (S14)
ψ−0 = −ψ−L e−α, ψ−x = −
e−α
µ
ψ−x−1 for x = 1, 2, ..., ψ
−
x = −
eα
µ
ψ−x+1 for x = L,L− 1, ..., (S15)
8whose eigenenergies are given by
E±iso = ±(µ+
1
µ
). (S16)
These solutions are valid providing µ > e±α, so that they indeed decay from x = 0 and x = L into the bulk; and
(e±α/µ)L ∼ 0, so that they have vanishing amplitudes in the middle of the system. In the main text, we have assumed
µ e±α, therefore the above conditions are satisfied and we have E±iso ≈ ±µ.
For convenience, we label these two isolated eigenstates with n = 0 and n = L respectively. The other L − 1
eigenstates of n ∈ [1, L − 1], referred as continuous eigenstates as they have a continuous spectrum, shall mainly
distribute within the rest L − 1 sites of the system with eigenenergies En  µ, thus we shall have a vanishing ψ0,n
from Eq. (S12). We further consider an ansatz of exponentially decaying eigenstates given by
ψ0,n  1, ψx,n = e−Mn(x−1) for x 6= 0. (S17)
Substituting the ansatz into Eq. (S13), we obtain
−eα = µe−αe−Mn(L−1),
yielding
Mn =
lnµ− 2α− i(2n+ 1)pi
L− 1 := κL −
i(2n+ 1)pi
L− 1 . (S18)
However, Eqs. (S11) and (S12) give different eigenenergies with this exponentially decaying solution. A consistent
solution can be obtained by further requiring eα  e−α and eαe−Mn  e−αeMn . The first condition corresponds to
a strong non-reciprocity of the system, and the second one is equivalent to µ  e(L+1)α, which is generally satisfied
for a large enough system. Under these conditions, Eq. (S11) gives
En ≈ eαe−Mn = eαe−[lnµ−2α−i(2n+1)pi]/(L−1) ≈ (kn + iκL), (S19)
with kn := (2n + 1)pi/(L − 1), n = 1, 2, ..., L − 1, and (k) ≈ eαeik the eigenenergies under PBCs and the strong
non-reciprocity. On the other hand, since now we have µ  eα ∼ En  e−α, the second term of Eq. (S12) can be
neglected, yielding
|ψ0,n| ≈ |e
−MnL
µ
| ≈ e
2α
2µ
 1, (S20)
in consistent with the vanishing ψ0,n obtained previously.
In Fig. S2, we compare numerical results under several different parameter regimes with the above approximation,
which works well when µ  eα, and eα  e−α, and µ  e(L+1)α [Fig. S2(a) and (d)]. In most other parameter
regimes, while the eigenenergies and distribution of individual eigenstates cannot be predicted accurately, the average
distribution of all continuous eigenstates is still in good consistence with Eqs. (S17) and (S18), as shown in the middle
and right columns of Fig. S2. On the other hand, when µ approach the value of e(L+1)α, the system goes into the
OBCs-like regime with the NHSE, and our approximation of the SFA is no longer valid, as discussed in the main text.
Weak impurity
Next we consider a weak impurity limit with µ 1 and a strong non-reciprocity eα  e−α, and another ansatz
ψ′x,n = e
−M ′nx. (S21)
with Mn > 0, as we observe no reversed accumulation in the regime with µ < 1. Thus Eq. (S13) is simplified as
eαe−M
′
n = E′n. (S22)
Substituting the above equation to Eq. (S12) with its second term being neglected, one can obtain
M ′n =
− lnµ− i2npi
L+ 1
:= κ′L −
i2npi
L+ 1
. (S23)
This solution also confirms that the second term of Eq. (S12) is neglectable comparing to the rest two terms. The
eigenenergies are thus directly given by Eq. (S22).
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FIG. S2. (a)-(c) Spatial distribution of continuous eigenstates and their (d)-(f) eigenenergies of the model of Eq. (S10). The
distribution is defined as ρn(x) = |ψx,n|2 and ρ¯(x) =∑n ρn(x)/(L− 1). Red dashed lines indicate analytical results from the
approximation. Parameters are L = 40, and (a)(d) α = 2, µ = e10; (b)(e) α = 2, µ = e2; and (c)(f) α = 1, µ = e10.
QUASI-PBC DELOCALIZED EIGENSTATES
To gain further insights into the quasi-PBCs at µ = 2α, let us exploit the following effective translational invariant
Hamiltonian, H¯PBC(k) = HPBC(k + iκL), with its real-space form reads as
H¯PBC =
L∑
x=0
e−κLeαcˆ†xcˆx+1 + e
κLe−αcˆ†xcˆx−1. (S24)
In above site L+ 1 is understood as site 0. According to our spectral results in Eq. 2 in the main text, H¯PBC, though
having an extra κL related imaginary flux, yields the approximate eigenvalues of our lattice system for µ = e
(L−1)κL+2α.
We next remove the imaginary flux in the bulk by applying a similarity transformation H¯ ′PBC = S
−1
L H¯PBCSL with
SL = Diag{1, eκL , e2κL , ..., eκLL}. This gives (without changing the eigenvalues)
H¯ ′PBC =
L−1∑
x=0
eαcˆ†xcˆx+1 + e
−αcˆ†xcˆx−1
+e−κL(L+1)eαcˆ†Lcˆ0 + e
κL(L+1)e−αcˆ†0cˆL. (S25)
So long as L is sufficently large, we still have κL(L+1) ≈ lnµ−2α, thus the boundary hopping in H¯ ′PBC shown above
becomes
µ−1e3αcˆ†Lcˆ0 + µe
−3αcˆ†0cˆL. (S26)
It is seen that at µ = e2α, H¯ ′PBC recovers the original Hamiltonian under PBCs. This is fully consistent with the
observation from Eq. 1 in the main text, namely, the decay exponent κL = 0 for µ = e
2α. The above treatment is
however more stimulating to digest situations with µ 6= e2α, where the translational invariance of H¯ ′PBC is broken at
the boundary. For µ > e2α, the hopping from x = L to x = 0 is further enhanced whereas the opposite hopping is
further suppressed (as respectively compared with the translational invariant case). The eigenstates are then expected
to populate more at x = 0. Likewise, eigenstates should accumulate more at x = L when µ < e2α, thereby exhibiting
the reversed SFA.
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FIG. S3. (a) the full spectrum of the SSH model with a local on-site potential, gray dots are the continuous states, blue and red
dots are the two topological/isolated states. (b) the average distribution of the continuous states. (c) The distributions of the
topological/isolated states. (4d) IPR versus system’s size for different eigenstates of the system with a local on-site potential,
and for skin modes under OBCs. The results for continuous states and skin modes are the average values of all corresponding
eigenstates. Parameters are α = 2, tab = 15, µ = 40, and J = 40 for (a,b,c).
DIFFERENT ACCUMULATING BEHAVIORS OF THE MODEL WITH TWO NON-RECIPROCITY
LENGTH SCALES
We consider a system with nearest-neighbor backward couplings and next-nearest-neighbor forward couplings, and
a local impurity between sites x = 0 and x = L, described by the Hamiltonian
HNNN =
L−1∑
x=0
[
eαcˆ†xcˆx+1 + µe
αcˆ†Lcˆ0
]
+
L∑
x=0
e−αcˆ†xcˆx−2. (S27)
Solve eigen-function HNNNΨn = EnΨn with Ψn =
∑L
x ψx,ncˆ
†
x|0〉, the recursive conditions of ψx,n are given by
eαψx+1,n + e
−αψx−2,n = Enψx,n (S28)
for x = 1, 2, ..., L− 1, and
µeαψ0,n + e
−αψL−2,n = EnψL,n, (S29)
eαψ1,n + e
−αψL−1,n = Enψ0,n. (S30)
Similarly to the model of Eq. (S10) at weak impurity limit, we consider the parameter regime with µ  1 and
eα  e−α, and the same SFA solution can be obtained as
ψx,n = e
−Mnx, Mn =
− lnµ− i2npi
L+ 1
:= κL − i2npi
L+ 1
. (S31)
On the other hand, to solve the OBC system with µ = 0, we consider the an imaginary flux κOBC(k) under PBCs,
corresponding an effective Hamiltonian
H¯NNN(k) = HNNN(k + iκOBC(k)) = ze
α + e−α/z2, (S32)
with z = ei[k+iκOBC(k)]. The OBC system is described by a GBZ, where the eigenenergies satisfy E¯(k1) = E¯(k2)
for pairs of quasi-momenta with κOBC(k1) = κOBC(k2). Numerically, we find that this condition is satisfied when
k1 + k2 = 0, 2pi/3, and 4pi/3, for k1, k2 ∈ [−pi/3, pi/3], [pi/3, pi], and [pi, 5pi/3], respectively. With these relations
between k1 and k2, we obtain
κOBC(k) =
1
3
ln
[
e2α
2 cos(k − 2jpi/3)
]
, (S33)
with j = b(k + pi/3)/(2pi/3)c.
CO-EXISTENCE OF SFA AND TOPOLOGICAL LOCALIZATION
In this section we consider a non-Hermitian topological system with non-reciprocal couplings, where SFA and
topological localization exist for different eigenstates of the system. The explicit model we consider is a non-reciprocal
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Su-Schrieffer-Heeger (SSH) model [59], described by the Hamiltonian
H =
J∑
j=0
eαaˆ†j bˆj + e
−αbˆ†j aˆj
+tabbˆ
†
j aˆj+1 + h.c.+ µbˆ
†
J bˆJ (S34)
with J + 1 the number of unit cells. Note that instead of enhanced boundary couplings, here spatial inhomogeneity
is induced by an on-site potential acting on a single lattice site, so that only one isolated state shall emerge due to
the impurity, in the absence of a nontrivial topology. The existence of isolated boundary states and their connection
to the bulk topology has been studied in Ref. [32], and here we shall focus on the topologically nontrivial regime of
tab > e
α, with strong local potential µ  tab. By solving the eigen-equation HΨn = EnΨn with eigenstates defined
as Ψn
∑J
j (ψ
a
j,naˆ
†
j,n + ψ
b
j,nbˆ
†
j,n)|0〉, we obtain the solutions
ψbj,n = e
−[κJ−i(2n+1)pi/J]j , ψaj,n = φ
b
j−1,n,
κJ ≈ [lnµ− α] /J (S35)
with a continuous spectrum
En ≈ ±
(
tab +
eα−κJ e[α−i(2n+1)pi]/J
2
)
, (S36)
exhibiting the same scale-free decaying behavior as in the main text, due to the 1/J coefficient in κJ .
In the parameter regime we choose, the system holds two eigenstates isolated from the continuous spectrum, as
shown in Fig. S3(a). Associated with the nontrivial bulk topology, these two states localized at j = 0 and j = J
respectively [Fig. S3(b)], with the later one affected more by the local potential at j = J and having an eigenenergy
E ≈ µ. On the other hand, both of these two states exhibit a much stronger accumulation to the boundary, in contrast
with the continuous states illustrated in Fig. S3(c).
To further characterize their difference, we calculate the inverse participation ratio (IPR) defined as IPR =∑
j(|ψaj |4 + |ψbj |4) for the isolated states, continuous states, and skin modes under OBCs (with µ = 0), and demon-
strate it versus the system’s size J in Fig. S3(d). Besides their weaker accumulation reflected by a smaller IPR, the
continuous states are less localized for a larger size of the system, due to the 1/J coefficient in the decaying exponent
κJ . On the other hand, the IPR for isolated states, and for the skin modes under OBCs, remains a constant when
increasing the size.
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